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Abstract-A method for the numerical solution of singular integral equations of Cauchy type is developed. 
The unknown function is expressed as a product of a weight function and a continuous function d(t). The 
continuous function d(t) is approximated by piecewise quadratic polynomials, and the singular integral 
equation isreduced to a linear algebraic system. Numerical examples are given, and comparisons are made 
with the widely used Gauss-type methods. 
I. INTRODUCTION 
Many mixed boundary value problems in engineering can be reduced to a singular integral 
equation: 
K(s, Q(t) dt = f(s), - I < s < 1. (1.1) 
where g(t) is the unknown function, K(s, t) is the kernel which is bounded in - 1~ s, t I 1, and 
f(s) is a known input function. If K(s, t), f(s) are Holder-continuous functions in - 1 I s, t zs 1, 
then the index theorems of Noether[3] determine the admissible singular behavior, and, in 
principle, the solution can be obtained using properties of sectionally holomorphic functions [I]. 
In many cases a direct numerical solution of (1.1) may prove to be more efficient and practical. 
The index theory gives the weight function w(t), and g(t) in (1.1) is expressed by 
&TO) =wd4t) (1.2) 
where w(t) is generally of the form 
(1 + t)-“*+y 1 - t)l’*+@, a p = 0, If: 1 
and 4(t) is a continuous function in [ - 1, l],[S]. In this paper we will consider only the case of 
w(t) = (1 - t*)-I’*, since one can easily extend the method to cover the other cases [7]. 
From [4] with w(t) = (1 - t*)-I’*, 4(t) is approximated by d(t) = 5 a, T,,(t), where T,(t) is 
n=O 
the Chebyshev polynomial of degree n, and substituting in (1.1) a system of algebraic equations 
is obtained. In [4], [5] it is shown that the singular integral in (1.1) is exact for all 6(t), if 4(t) is 
a polynomial of degree less than or equal to 2iV, and if the node points are chosen so that 
TN(e) = 0, and the collocation points satisfy I&&,) = 0, U,_, is the Chebyshev polynomial 
of the second kind. Since the values of 4(t) may be needed at different points than the ones 
given by TN&) = 0, say + 1 (&I( -+ 1) represents the stress intensity factor in Fracture 
mechanics), an extrapolation is required. This introduces a new error which counterbalances 
the accuracy of the quadrature formula. 
In [61 a Lobatto-Chebyshev type formula is used to avoid the extrapolation at +: 1. Since 
again the node points are determined from the equation (1 - tk2) U,,_,(t,) = 0, one will have to 
use an interpolation formula if the solution is needed for points different han tk. 
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In [7], a numerical integration method to solve (1.1) based on a piecewise linear ap- 
proximation of the functions d(t) and K(s, t)4(t) is proposed. 
In this paper a numerical integration method based on quadratic piecewise polynomial 
approximation of 4(t) is presented. One of the advantages of this method over Gauss type 
methods is that the node points can be chosen arbitrarily, eliminating the need of an 
interpolation. 
The approximation of the function 4(t) with Chebyshev polynomials is appropriate in many 
circumstances, but the oscillatory nature of high-degree polynomials and the property that a 
fluctuation over a small portion of the interval [ - 1, 11 can induce large fluctuations over the 
entire range, restricts their use whenever we approximate functions that oscillate over a small 
part of [ - 1, 11. 
It is well known that the use of piecewise polynomial approximation with mesh points 
concentrated over the small interval for which 4(t) behaves badly, can avoid problems of the 
previous type. Since the method developed in the following sections is based on a piecewise 
polynomial approximation, we expect that it will be superior to the Gauss type methods for 
cases in which the solution of the singular integral equation (1.1) changes erratically. 
In Section 2 the singular integral equation (1.1) is approximated by an algebraic system of 
linear equation, and in the following Section 3, we show that the residual error of the 
approximation converges to zero. Finally, in the last section numerical examples are given. In 
the first example a singular integral equation with a known analytical solution is considered. 
The rate of convergence of the algorithm is observed to be O(h3), which was expected, since 
we have used a quadratic polynomial approximation. In the second example a singular integral 
equation that arises in the analysis of a cruciform crack is solved. 
We compare the stress intensity factors obtained with the use of Gauss-Chebyshev, 
Lobatto-Chebyshev [6] and the piecewise quadratic polynomial approximation method. The 
numerical results for this example show that the later method converges faster than the 
previous ones. 
As a third example, a singular integral equation that arises in the elasticity problem of a 
cover plate bonded to an elastic half-space is solved and compared to earlier results[4]. 
2. GENERALIZEDQUADRATUREFORMULAE 
Generally, the solution of (1.1) is not unique and an additional condition of the form 
g(t) dt = A, where A is known (2.1) 
is needed [5]. 
Let us divide the interval [ - 1, 11 in 2n equal parts (the method is equally applicable with 
partitions involving unequal meshes). Define tj = - 1 + jh, where j = 0, 1 . . .2n and h = l/n. 
Put g(t) = (l- t’))“*4(t) in (l.l), (2.1) and use the Lagrange interpolation formula for three 
points to approximate, K(s, t)d(t), and d(t), 
and 
L,(t) = fi {(t - tj)/(ti - tj)} 
j=2k-2 
j#i 
for each k = 1,2, . . . , n and t2k_2 I t 5 t2k. 
After elementary integration, we find that (l.l), (2.1) are approximated by 
(2.2) 
+ 2 [ wi(s) + r”iK(s7 ti)14tti) = f(s) 
(2.3) 
.’ 
-, 
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Here, the weights wi(S), Di are given by (6,j is the kronecker delta): for i = 1, 2, . . . ,2n - 1 
(2.4) 
for i = 0,2n 
v0= a,, v2n = c, (2.5) 
The constants coefficients aj, bj, Cjy are given below: 
~j = H(f2j, t2j-1)/2h2, bj = - H(fZj, t2j_2)/h2, Cj = H(tZj-l, t2j_2)/2h2 (2.6) 
H(& Y) = (l/2 + XY)(&j - 02j-2) +(X + Y)(COS 02j - COS &j-2) - (sin 2&j - sin 282j-2)/4 
Also the variable coefficients Ej(S), e(S), Gj(S) are as follows: 
Ej(S) = M(tzj, t2j-1)/2h2, F~(s) = - M(t, t2j-2)/h2, Gj(S) = M(tZj-19 t2j-2)/2h2, (2.7) 
M(x, y) = - (1 - t;j)“’ + (1 - f:j_2)“2 + [S2 + XY - S(X + y)]Aj(S) + (S - x - y)(e2j - 02j_2) 
Aj(S) = (1 _l.2)1/2log 1
(- 1 +(I -S2)1’2+ STj)Tj_1 + S -(l +(l -S2)“2)7j 
(-1-(1-S2)“2+S7j)Tj-~+S-(1-(1-S2)1’2)Tj ( 
7j = tan(B,i/2), fIj = arcsin tj, for all i. 
Let us choose 2n collocation points Sk such that tk I Sk 5 fk+l, k = 0, 1, . . . ,2n - 1. Then 
(2.3) reduces to a linear algebraic system of (2n + 1) equations 
ii [wi(sk) + TViK(Sk, ti)l9(ti) = f(sk), k = 091, e . . ,2n - 1 
I 
(2.8) 
- i 
& 
1 vi4(ti) = A. 
I 
3. CONVERGENCE OF THE QUADRATURE FORMULA 
Let us consider the sequence of functions {~~(t)}~=,, {[K(S, +#~(t)],};=~ that approximate 
4(t), K(S, t)+(t) respectively, and define 
We also define the truncation error of (1.1) as 
and for convenience introduce the operator T by 
(3.2) 
(3.3) 
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If 4,(t), [K(s, t)rj(t)J, are the piecewise quadratic polynomials approximating the continuous 
functions 4(t), K(s, t)$(t) respectively, then e,(t), ~,(t, S) converge to zero uniformly. Uniform 
convergence of a sequence of continuous functions is, in general, not enough to yield a 
convergent sequence of the Cauchy principal value integral Te,, [lo]. For continuously differen- 
tiable functions, there exists a uniformly convergent approximating sequence of piecewise 
linear functions for which the Cauchy principal value integral T& converges uniformly[lOl. 
Here we assume that 4 E C3[ - 1, 11, (three times continuously differentiable). 
If 4 is in C*[ - 1, l] but not in C3[ - 1, l] it may be preferable to use the piecewise linear 
approximations[7]. For the additional computational effort in the piecewise quadratic ap- 
proximations may fail to give any better convergence. We are now ready to present the 
following theorem. 
Theorem 
If d E C3[-1, l] and d,(t) is given in (2.2) (i.e. set K(s, t) = l), then 
(ii) sup 
tfs 
w 5 /3h3-njlc#i”l)m 
&sE[-l,l] 
where /3 is a constant independent of h, 
(iii) Te,,+Oas n+m 
Proof. (i), (ii) are straightforward, (iii) we may write 
Te,, = r 
I 
’ (1 - t*)-“*e,(t) dt = 
fl -1 t-s 
; 
I 
_i (1 _ tZ)-l/2 e”(t) 1 ;(‘) & 
and use (ii) with LY = 1 to conclude that Te, converges to zero as n +w. Using definition (3.3) 
the truncation error (3.2) is rewritten as, 
Te, + (1 - t2)-1’2e,(t, s) dt, 
we can easily see that it converges to zero as n --)m. 
4. NUMERICALCOMPUTATIONSANDEXAMPLES 
(i) We first consider the singular integral equation 
= U,,,-,(s), m = 1 2 , ).... (4.1) 
The analytical solution of equation (4.1) is g(t) = (1 - t2)-“2T,,,(t), if the following additional 
condition is imposed 
g(t) dt = 0. 
‘,, -* 
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To solve (4.1) numerically, we put g(t) = (I- f2)-1’2 4(t) and use the methods of Section 2. We 
set K(Q, ti) = 0 and f&) = U,,,_r(s,) in (2.8) and solve the resulting algebraic linear system. For 
m=3 
andsk=tk+h/2,k=0,1 ,..., 2n-1 
the numerical solution is shown in Table 1. Since 4(t) is odd, we only show the solution for 
selected positive node points ti, i = 0,. . . , n, and n is the number of node points in [0, 11. 
The order of convergence isgenerally defined by O(hP), where 
logf+ - 
en 
p log 2 and e,, = 4(t) - 4,(t). 
It appears from Table 1 that p = 3 and the order of convergence is 0(h3) as expected. 
For a comparison, we give in Table 2 the numerical solution of (4.1) at t = 1 Ml for the 
piecewise linear approximation of $(t)[7]. Once again, the order of convergence of 4” is the 
expected one, i.e. 0(h2). 
(ii) As a second example, we consider the singular integral equation 
1’ 1 - I[ IT _1 I_s+$$ 1 g(t)dt= 1 (4.2) 
which arises in the analysis of a cruciform crack[6]. The unknown function g(t) is proportional 
to the dislocation density along the crack branches. The solution is an odd function. Equation 
(4.2) has been solved numerically in [6] using the Gauss-Chebyshev and Lobatto-Chebyshev 
methods. We set 
&, t) = to2 - s2) 
P( t2 + s2)2’ f(s) = 1 in (2.8) and choose 
Sk = fk + h/2, k = 0, . . . , ht - 1. 
Table 1. 
m,(t) 1 EXACT q(t) 
FGJ--T- 
0.0 -o.:e x 10-16 
0.2500 -0.68815 
0.5000 -1.00192 
0.7500 -0.56542 
1.0000 0.98185 
-0.12 1 10-14 
-0.68757 
-1.00015 
-0.56285 
0.99765 
17 
0.0 
-0.68751 
-1.00002 
-0.56253 
0.99969 
Table 2. 
: 
,# I 
33 4t3-3t 
1 
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Table 3 shows the numerical solution of (4.2) for positive node points ti. 
To see the effect of the choice of the collocation points on the numerical solution of (4.2), 
we give in Tables 4 and 5 the numerical solution of (4.1) for two different sets of collocation 
points. 
From Tables 3-5 we notice that as n becomes larger, the effect of the collocation points on 
the numerical solution of (4.2) is not significant. 
The value 4(l) represents the stress intensity factor and it is interesting to see d(l) obtained 
by different methods (see Table 6). The numerical results for Gauss-Chebyshev and Lobatto- 
Chebyshev have been reproduced from [6]. 
Table 3. (Equation (2.8), with Sk = rk + h/2) I$“,(?) 
5 9 17 33 
0.0 0.0 -0.87 x lo-l6 -0.62 x lo-l6 -0.57 x lo-l4 
0.2500 -0.01105 -0.01663 -0.01409 -0.01394 
0.5000 0.19468 0.19513 0.19531 0.19521 
0.7500 0.52348 0.52349 0.52332 0.52332 
1.0000 0.86570 0.86367 0.86354 0.86354 
Table 4. (Equation (2.8), with Sk = tk t 0.25 h) &(1) 
5 9 17 33 
0.0 -0.2 x 10-15 -0.2 x lo-l4 0.3 x lo-l4 0.6 x lo-l4 
0.2500 -0.04074 -0.01729 -0.01442 -0.01398 
0.5000 0.18898 0.19337 0.19491 0.19517 
0.7500 0.52517 0~52261 0.52318 0.52330 
1.0000 0.86362 0.86322 0.86348 0.86354 
Table 5. (Equation (2.8), with sk = tk + lo-’ h) b.(t) 
5 9 17 33 
0.0 -.5 x lo-l2 -0.8 x 10-l' -0.7 x 10-10 -0.2.x 1o-g 
0.2500 0.00373 -0.02419 -0.01647 -0.01451 
0.5000 0.18214 0.19053 0.19405 0.19495 
0.7500 0.52705 0.52186 0.52295 0.52325 
I 1.0000 0.86447 0.86298 0.86345 0.86352 
Table 6. 
Piecewise 
Method Gauss-Chebyshev Lobatto-Chebyshev Quadratic 
n +(t) 
3 0.836~5 0.85970 0.90034 
4 0.83882 0.86387 0.86970 
5 0.86289 0.86449 0.86570 
6 0.86381 0.86441 0.864% 
7 0.86528 0.86424 0.86397 
8 0.86282 0.86408 0.86380 
9 0.86503 0.86396 0.86367 
10 0.86283 0.86387 0.86363 
11 0.86464 0.86380 0.86359 
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It is obvious from Table 6 that the piecewise quadratic method converges much faster and 
more smoothly than the Gauss-Chebyshev and Lobatto-Chebyshev methods. The correct value 
up to four significant figures is given in Rooke and Sneddon[9], and is 4(l) = 0.8636. 
(iii) To provide a further comparison, we consider the integral equation 
g(t) dt = 1, - 1 < s < 1 
subject o 
I 
1 
g(t) dt = 0. 
-I 
This equation arises in the elasticity problem of a cover plate bonded to an elastic 
half-space[4]. The function g(t), - 1 < t < 1, represents the shear stress acting on the interface 
and may be expressed as 
g(t) = (1 - Ppc$(t), 
where d(t) is a bounded function in [ - 1, 11. 
An important quantity to evaluate is the strength of the stree singularity at ? 1, which is 
represented by $J( f. 1). 
We solve the algebraic system of equations (2.8) with K(s, t) = - hH(s - t), where H(s - t) 
is the Heaviside function. In Table 7 we give o(l) for two different values of the constant A. 
Also in Table 8 we reproduce the solution for 4(l) obtained in [4] with the use of Gauss- 
Chebyshev method. In both cases n represents the number of node points in the entire interval 
]- 1911. 
Finally the numerical solution of (4.3) for different positive node points arbitrarily chosen is 
given in Table 9. 
Table 7. The strength of stress ingularity 4(l) (equation (28), with st = tk t h/2) 
1 
10/3 
l/3 
21 25. 29 33 
0.4059 0.4083 0.4099 0.4109 
0.8349 0.8348 0.8347 0.8346 
Table 8. d(1) for Gauss-Chebyshev method[41 
37 
0.4115 
0.8345 
1 
Table 9. Numerical solution of (4.3) for n = 37 (equation (2.8), with q = tk t h/2) &(f) 
10/3 l/3 
0.1111 0.0112 0.0761 
0.2778 0.0276 0.1905 
0.5556 0.0750 0.3976 
0.7778 0.1503 0.5856 
0.8889 0.2299 0.6965 
0.9444 0.2703 0.7519 
1.0000 0.4115 0.8345 
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Conclusion. The Gauss-Chebyshev method is the most widely used method for the 
numerical solution of (1.1). Based on the numerical results given above, the method described 
in this paper can be a comparable or even better choice for the numerical solution of singular 
integral equations of the first kind. 
Note. All calculations have been performed on an IBM 370 with double precision arith- 
metic. 
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